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Abstrat
A unique analytial result for the Migdal-Kadano hierarhial lattie is obtained. The saling
of the defet energy for a zero-dimensional spin glass is derived for a bond distribution that is
ontinuous at the origin. The value of the stiness exponent in zero dimensions, y0 = −1,
orresponds to the value also found in one dimension. This result omplements and ompletes
earlier ndings for yd at d > 0.
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A quantity of fundamental importane for the modeling of amorphous magneti materials
through spin glasses [1℄ is the stiness exponent y [2, 3℄. The stiness of a spin onguration
desribes the typial rise in magneti energy ∆E due to an indued defet-interfae of
size L. In a glassy system, the potential energy funtion resembles a high-dimensional
mountain landsape over its variables [4℄. Any defet-indued displaement of size L in suh
a landsape may move a system equally likely up or down in energy ∆E. Averaging over
many inarnations of suh a system then results in a typial energy sale
< |∆E| >∼ Ly (L→∞). (1)
The importane of this exponent for small exitations in disordered spin systems has been
disussed in many ontexts [1, 2, 3, 5, 6, 7, 8℄. In partiular, it signies a renormalized
oupling strength (aross any hypothetial interfae) between regions in spae separated by
a distane L [3℄: If yd > 0, regions in spae are strongly oupled at low temperature and
spin glass ordering ensues, i. e. Tg > 0.
Ref. [9℄ provided a desription of yd as a ontinuous funtion of dimension d using a t
to the data obtained in Ref. [10℄ for d = 2, 3, . . . , 6. That t beame redible in that it
reprodued the exatly known result in d = 1, y1 = −1, to within less than 1%. Hene,
it validated the values for yd found in Refs. [10, 11℄ and produed a number of preditions
suh as that dl = 5/2 may be the lower ritial dimension (the dimension in whih yd = 0)
for Ising spin glasses, in aordane with an earlier alulation invoking replia symmetry
breaking [12℄.
In a quest for understanding universality in spin glasses, there has been onsiderable
interest reently in the behavior of yd even for d < dl, where any spin glass ordering is
unstable. Presumably, for divergent energy sales [8℄ in Eq. (1), i. e. for yd > 0, universality
holds and low-temperature properties of the system are independent of the details of the
bond distribution, as long as it possesses a zero mean and unit variane. In ontrast, below
the lower ritial dimension signiant dierenes have been found between lasses of bond
distributions [8, 13, 14℄. Espeially, for all d < dl, a disrete bond distribution (J = ±1)
leads to trivial saling in Eq. (1), as was found numerially for d = 2 [13℄ and is exatly
known for d = 1. (In a linear hain of L spins, the T = 0 energy dierene |∆E| for reversed
boundary onditions is given by the smallest bond-weight, |J | = 1, independent of L.) Only
bond distributions P (J) whih are ontinuous near the origin P (0) obtain non-trivial saling
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Figure 1: Plot of the spin glass stiness exponent yd as a funtion of dimension d. Shown are the
values for yd on hyper-ubi latties from Refs. [11, 18℄ and a ubi t to that data. For bounded
distributions, the exponent remains loked at ydisc ≡ 0 for d ≤ dl = 5/2 (upper horizontal line).
For ontinuous distributions, the t reprodues the exat result, y1 = −1 to 0.8% and suggests
y0 = −2. In ontrast, the result here suggests y
cont
0 = −1 and hene, y
cont ≡ −1 for all d ≤ 1 (lower
horizontal line).
as represented by the urve in Ref. [9℄, inluding the exat result y1 = −1. (Here, the smallest
bond-weight |J | in the hain approahes zero with 1/L.)
In this paper we report on a (rather fortuitous) analytial result for a zero-dimensional
spin glass that further laries the behavior of yd<dl for a ontinuous bond distribution. In
the Migdal-Kadano hierarhial lattie (MK) [2, 3, 8, 14℄ we nd for a d = 0 dimensional
spin glass that y0 = −1 exatly.
To our knowledge, aside from d = 1 (where MK is trivially exat) and the large-link
limit [8℄, this is the only exat result for MK applied to spin glasses. While not of great
pratial relevane, studying physial systems in un-physial dimensions has proved to be
of signiant theoretial relevane [15, 16℄. A zero-dimensional spin glass in partiular has
in fat been onsidered previously in Ref. [17℄.
Our result suggests a behavior for yd as depited in Fig. 1: While for a disrete bond
distribution it is ydiscd ≡ 0 for all d ≤ dl, for a ontinuous bond distribution, yd rst extends
3
Figure 2: Bond-moving sheme in the Migdal-Kadano hierarhial lattie, here for a square lattie
(d = 2) with l = 2, i. e. b = 2 in Eq. (2). Starting from the lattie with unit bonds (left),
bonds in intervening hyper-planes are projeted onto every lth plane in one diretion (middle),
then subsequent diretions, to re-obtain a similar hyper-ubi lattie of bond-length l (right). The
renormalized bonds in this ase onsist of b = 2 branhes, eah of a series of l = 2 bonds.
smoothly to (non-trivial) negative values through dl towards d = 1, beyond whih it appears
to get xed at ycontd ≡ −1 for all d ≤ 1. As long as yd > 0 for d > dl the exponent is believed
to be universal, independent of the bond distribution.
The Migdal-Kadano (MK) hierarhial lattie [19, 20℄ provides a real-spae renormaliza-
tion sheme that approximates espeially low-dimensional spin glasses well and is trivially
exat in d = 1. These latties have a simple reursive, yet geometri, struture and are
well-studied [2, 3, 8, 21℄. Starting from generation I with a single bond, at eah subsequent
generation I + 1, all bonds from I are replae with a new sub-graph. This struture of the
sub-graph arises from the bond-moving sheme, as shown in Fig. 2, in d dimensions [19, 20℄:
In a hyper-ubi lattie of unit bond length, at rst all l − 1 intervening hyper-planes of
bonds, transverse to a hosen diretion, are projeted into every lth hyper-plane, followed by
the same step for l−1 hyper-planes being projeted onto the lth plane in the next diretion,
and so on. In the end, one obtains a renormalized hyper-ubi lattie (of bond length l) in
generation I + 1 with a reformulated (I + 1)-bond onsisting of a sub-graph of
b = ld−1 (2)
parallel branhes of a series of l I-bonds eah. We an rewrite Eq. (2) as
d = 1 +
ln(b)
ln(l)
, (3)
4
antiipating analyti ontinuation in l and b to obtain results in arbitrary dimensions d.
Instead of solving the problem on the hyper-ubi lattie, we merely need to onsider the
reursive sheme of obtaining the bond-distribution in generation I + 1 from sub-graphs of
bonds from generation I. Numerially, this is done eiently at any temperature T to yield
a stationary bond distribution for I →∞, i. e. the thermodynami limit L = lI →∞.
Here, we are only onerned with T = 0, whih simplies the alulation drastially to
the point that analytial results an be obtained. For instane, a series of l bonds an always
be replae by the bond of smallest absolute weight. Thus, if these bonds are drawn from a
distribution PI(J), then the distribution Q
(l)
I (K) of the eetive bond K replaing the series
an be obtained from
Q
(l)
I (K) = P {K = sign (J1 × J2 × . . .× Jl)min (|J1| , . . . , |Jl|)} ,
∝
∫
∞
−∞
dJlPI (Jl)
∫
∞
−∞
dJl−1PI (Jl−1)Θ (|Jl| − |Jl−1|) . . . (4)
. . .
∫
∞
−∞
dJ1PI (J1) Θ (|J2| − |J1|) δ (|J1| − |K|) ,
where Θ(x) refers to the unit step-funtion and δ(x) = Θ′(x) is the Dira delta-funtion. In
writing Eq. (4), we have already exploited the symmetry of the integrand under relabeling
J1, . . . , Jl, and we have dropped the obvious norm of Q
(l)(K).
Similarly, having b bonds drawn from a distribution Q(l)(K) in parallel leads to the
distribution PI+1(J) of the reformulated bond at generation I + 1,
PI+1(J) =
∫
∞
−∞
b∏
i=1
[
dKiQ
(l)
I (Ki)
]
δ
(
J −
b∑
i=1
Ki
)
,
=
∫
∞
−∞
dω
2pi
eiωJ
[∫
∞
−∞
dK Q
(l)
I (K) e
−iωK
]b
, (5)
where we have used the integral representation δ(x) =
∫
∞
−∞
dω eiωx/(2pi).
For general PI , Eqs. (4-5) both are quite ompliated. This is partiularly true, sine we
would be interested in nding the limiting shape of PI(J) after innitely many iterations,
I → ∞. In that limit, we expet the eetive oupling between domains a distane L = lI
apart to sale as [3℄
Jeff(L) ∼ l
y Jeff(L/l). (6)
Eah iteration the harateristi width Jeff(L) ≡ [〈J
2n〉I ]
1/2n
∼ 〈|∆E|〉L , of PI(J) in-
5
reases (or dereases) by a fator of ly, so
PI+1(J) ∼
1
ly
PI
(
J
ly
)
, (I →∞). (7)
Clearly, if the width grew smaller, ly < 1, the behavior of PI(J) near J = 0 would beome
inreasingly relevant, explaining the non-universal behavior there [8℄.
We an now report on a solution for Eqs. (4-5) for all values of I for a spei set of
initial distributions and hoie of l and b, appropriately analytially ontinued. With those
hoies, only one iteration of Eqs. (4-5) is neessary, sine the distribution remains shape
invariant, i. e. Eq. (7) beomes an equality. This set of distributions is ontinuous and nite
near the origin and thus should represent the universality lass ontaining Gaussian bonds,
for instane. Starting more generally with an initial distribution
P0(J) =
q+1
2J0
(
1−
|J |
J0
)q
Θ
(
1−
|J |
J0
)
, (q > −1), (8)
where J0 > 0 sets the energy sale for this distribution, it is easy to show that
Q
(l)
0 (K) =
l (q + 1)
2J0
(
1−
|K|
J0
)lq+l−1
Θ
(
1−
|K|
J0
)
, (9)
by reursion of Eq. (4). Note, that Eq. (9) readily ontinues to any real value of l > 0.
The evaluation of Eq. (5) is somewhat more omplex. To failitate the subsequent anal-
ysis, it is best to onsider the moment generating funtion for PI(J),
φI+1 (α) =
〈
e−iαJ
〉
I+1
,
=
∫
∞
−∞
dJ e−iαJ
∫
∞
−∞
dω
2pi
eiωJ
[∫
∞
−∞
dK Q
(l)
I (K) e
−iωK
]b
, (10)
=
[∫
∞
−∞
dK Q
(l)
I (K) e
−iαK
]b
,
where the integral over J merely represents a δ−funtion. Using Eq. (9), we nd
φ1 (α) =
[∫
∞
−∞
dK Q
(l)
0 (K) e
−iαK
]b
,
=
[
l (q + 1)
∫ 1
0
dx (1− x)lq+l−1 cos (αJ0x)
]b
. (11)
Correspondingly, we nd for the generating funtion of the initial bond distribution in
Eq. (8),
φ0(α) =
〈
e−iαJ
〉
0
,= (q + 1)
∫ 1
0
dx (1− x)q cos (αJ0x) . (12)
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Despite the obvious similarities between Eqs. (11-12), nding a set of parameters that
make φ0 and φ1 similar are hard to nd beause of the exponent b in Eq. (11). Even for
b = 1 and l 6= 1, i. e. d = 1 aording to Eq. (3), we need to iterate for I →∞ to nd the
width to deay to zero with 1/L, i. e. y1 = −1. It is merely a luky irumstane that there
are two solution with the required properties, eah independently yielding the same result.
First, for l = 2 we have to ontinue the branhing number to b = 1/2 to obtain d = 0
in Eq. (3). Then, for the retangular funtion for P0(J), i. e. q = 0, we nd
φ0(α) =
sin (αJ0)
αJ0
, φ1 (α) =
[
4 sin2
(
αJ0
2
)
(αJ0)
2
] 1
2
, (13)
both of whih are invariant in an suiently large open interval around α = 0, required to
generate any moment. We identifying in Eq. (6) Jeff(L = l
0) = J0 and Jeff(L = l
1) =
J0/2 = l
yJeff(L = l
0), hene, y0 = −1.
Seond, for b = 2 we have to ontinue the series number to l = 1/2 to obtain d = 0 in
Eq. (3). Then, for the triangular funtion for P0(J), i. e. q = 1, we nd
φ0 (α) =
4 sin2
(
αJ0
2
)
(αJ0)
2 , φ1(α) =
sin2 (αJ0)
(αJ0)
2 . (14)
In this ase, we identify in Eq. (6) again Jeff(L = l
0) = J0, but Jeff(L = l
1) = 2J0, whih
now results again in y0 = −1 beause length-sales are atually shrinking, l = 1/2.
It is lear that nothing will hange on this result under further iteration, I → I + 1.
Assuming that there is a unique solution for Eq. (7), one would expet that any hoie for
P0(J) that is ontinuous at J = 0 should onverge to a retangular (triangular) funtion for
l = 1/b = 2 (= 1
2
). We have not been able to extrat any further result of this nature.
Hene, we are lead to believe that y0 = −1. Of ourse, suh a result has to be onsidered
with are. It is a onsiderable weakness of MK that its results for a given dimension d
aording to Eq. (3) are not generally unique [9℄. Here, at least, we found two dierent
ombinations of l and b, both giving d = 0 and yielding an idential stiness exponent.
This may indiate a unique result for any ombination l = 1/b. Furthermore, it is not lear
that the MK result for d = 0 should neessarily orrespond quantitatively to an Edwards-
Anderson spin glass on a zero-dimensional lattie. This is only known to be true for d = 1
(i. e. b = 1) and ertainly wrong for any d > 1, albeit with slowly inreasing error.
This work has been supported by grant 0312510 from the Division of Materials Researh
at the National Siene Foundation and by the Emory University Researh Counil.
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